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Half Space RTM
Direct Scattering Problem in the Half Space

We consider acoustic wave propagating in the half space with
Neumann condition,

Au+ k*u =~ (x) in RI\D, (1)
ou
u=20 on FD, 67(1}2 =0 on FOv (2)
T

Here k = ¢ is the wavenumber. Let N(z,y) = ®(z,y) + ®(z,y’)
be the Neumann Green function satisfying the homogeneous
Neumann condition on I'g, and ®(x,y) be the Green function in
the free space.
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Half Space RTM
Half Space Reverse Time Migration

Given the data u®(x,, z5) which is the measurement of the
scattered field at 2, = (z1(x,), z2(x,))T when the source is
emitted at z, = (v1(zs), z2(2s)), s=1,...,Ns, r =1,..., N,.

@ Back-propagation: For s =1,..., Ny, compute the back-
propagation field

Fd o0V(xy, 2) ———c
oz, _ |Gl Z ey (2, 75), Y z€Q.

@ Cross-correlation: For z € 2, compute

T(2) = { ng;f;s m}
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Half Space RTM

Relation with Yu Zhang's True Amplitude Imaging

Condition

In Yu Zhang's paper (First Break, 2009), the forward source
wavefield is changed into

1 02
(Zam —4)pr =0 )
it
pr(z,y,2 =0) =d(z — zy) / fhat'. (5)
And the backpropagated received wavefield is given by
1 02
(m —8)pm=0 ©)
p(®,y,2 = 0;t) = Q(z, y; 5, Ys; ). (7)

where (@ is the received data.
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Half Space RTM

Relation with Yu Zhang's True Amplitude Imaging

Condition

The imaging condition is the conventional cross-correlation
condition,

I(x) —/ /pp(x,t;xs)pB(a?,t; xg)dtdz (8)

By integral representation, the forward source wavefield can be
written as in the frequency domain,

. 0G (&, x 1 .

o = [ 28D )L e =

s (91/

2 0P(xs, ) ;
iw Oxa(zs)

(w)

Also the backproprogation field is given by

L 0G(xp, ) A B 00(z,,x) A
pPB = /T o Q(xryxs)dl‘r =2 - 6$2(xT) Q(QTT,SUS)dl‘T
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Half Space RTM

Relation with Yu Zhang's True Amplitude Imaging

Condition

Recall the Parseval’s identity

/ = g(OhH)dt = / o §(w)h(w)dw

—00 —00
+oo —
= 2Re/ g(w)h(w)dw (as g,h are real)
0
Hence, Yu Zhang's imaging result is now given by

I(x) = 2Re / / pr(@, 20)B s (s 35 )dwdas

01 9% (xs, ) 0P (zy, 1)
8Re/ / iw 8%2 .CCS) f(w) r, WQ(fcr,ms)dedxsdw

— 0P (x5, @ i 0D(z,, 1)
: 8/ / / Tral) 1 Gy Qarsaa)dorda, )d
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Half Space RTM

Single Frequency vs Time domain RTM

Our method:
= 00(zs,2) 0P(xy, 2) ———v
_I u¥(ZTp, s .
e il
Yu Zhang's method:

+oo 0D (xs,x £ 0V(xp, ) 72—
I(x )—8/ —Im / / D2 (2) (w) D2 (r) Q(J,T,.rs)dxrdms)dw.
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Analysis of Half Space RT Point Spread Function Resolution Theorem Scattering Co

e Analysis of Half Space RTM
@ Point Spread Function
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Analysis of Half Space RT Point Spread Function Resolution Theorem Scattering Coeffi

Point Spread Function

Let the point spread function be

J(z,y)Z/ MJ\f(ﬂﬁ,y)dS(ﬂ:), Vz,y € R2.
r, Or2

Lemma

For any z,y € R, J(z,y) = F(z,y) + R(z,y), where

F(z, y) = _% 0” eik(z1—y1)cos¢9+ik(z2—y2)sinede’
1 [0 o~ VE R (2t12)
Rzy) =2 cos(&1(z1 — y1))déq.

™ Jk /5%_1{;2

Moreover, F(y,y) = —i/2 and |F(z,y)| < C(\/k|z —y|)~ !,
|R(2z,y)| + k7Y VyR(z,y)| < m uniformly for z,y € R2.
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Co

e Analysis of Half Space RTM

@ Resolution Theorem
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Coeffi

For any z € Q, let ¢(y, z) be the scattering solution to the
following problem:

Ay(y,2) + E*P(y,z) =0 in RA\D,

Q;Z)(yvz) = _F(Z,y) on I'p.

Theorem

We have

_ 1l O(F(2,y) + (Y, 2) =3 1. ;
1) = gt { [ AEEDEU DG it} + Wiy (o),

where |Wr,(2)| < C(1+ kdp)*((kh)~*/2 + h/d) uniformly for = in
Q.

<
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Coeffi

e Analysis of Half Space RTM

@ Scattering Coefficient
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Coeffi

Physical Interpretation

Definition

For any unit vector 1 € R?, let v* = €!**" be the incident wave and
v® = v®(x,n) be the radiation solution of the Helmholtz equation:

Av® + k*0° =0 in R2\D, v° = —€**" on I'p.
The scattering coefficient R(z,n) for x € T'p is defined by the
relation

O(v® +vt)

5 = ikR(z,n)e'*® " on Tp.

Note that there are some differences between scattering coefficient
and reflection coefficient.
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Coeffi

Physical Interpretation

Now we consider the physical interpretation of the imaging
function I;(z) when z € I'p. Since

s s
1/ FW=20m0 g0 py = (cosB,sin )T,
2T 0

F(Z,y) =

We obtain from the previous theorem and the definition of
scattering coefficient that

L(2) =——Im/_/ (= 9) Ry, 10) e dgds )
'p

0=t
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Analysis of Half Space RT  Point Spread Function Resolution Theorem Scattering Coeffi

Physical Interpretation

For the strictly convex D, the scattering coefficient can be
approximated by

Riz,n) = 2v(x)-n fxedD; :={rxeTp:v(x) n<0},
©I=00 If x € D :=={x €Tp:v(zx)-n> 0}

Hence we have

1/2 ™ . L
Id(z) ~ (ﬁ) / Im / Melk(yf(ﬂg)—z)'ng—lzde'
0 VrE(y-(ne))

8
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Outline

@ Numerical Example
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Figure: Left: k = 4m; Right: nine wavenumbers from k& = 47 to k = 67
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Figure: Noise level 10% (left) and 20% (right); Top row: k = 2m;
Bottom row: nine wavenumbers from &k = 7 to k = 57
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